Abstract. Blood clotting system (BCS) modelling is an important issue with a plenty of applications in medicine and biophysics. The BCS main function is to form a localized clot at the site of injury preventing blood loss. Mutual influence of fibrin clot consisting mainly of fibrin polymer gel and blood flow is an important factor for BCS to function properly. The process of fibrin polymer mesh formation has not adequately been described by current mathematical models. That is why it is not possible to define the borders of growing clot and model its interaction with a blood flow. This paper main goal is to propose physically well-founded mathematical model of fibrin polymerization and gelation. The proposed model defines the total length of fibrin polymer fibers in the unit volume, determines a position of the border between gel and liquid and allows to evaluate the permeability of growing gel. Without significant structural changes the proposed model could be modified to include the blood shear rate influence on the fibrin polymerization and gelation.
Introduction
Blood clotting system (BCS) prevents blood loss maintaining blood vessels integrity by localizing site of vascular injury and forming a plug. At the same time more than half deaths worldwide could be attributed to BCS malfunctions such as bleeding or thrombosis as an immediate cause of death [1, 10] .
There is no complete understanding of all processes and their mutual influence while blood clotting so far. Traditionally cellular and plasma stages of hemostasis are distinguished. Cellular stage leads to formation of a platelet plug around the vascular injury site. Plasma (or secondary) stage leads to formation of fibrin-polymer and its gelation. The fibrin polymer mesh interlinks platelets in plugs and makes clot mechanically stable and virtually hermetical. From the biochemical point of view the secondary stage is quite well studied -probably the majority of reactions with their rates and conditions are known. Also some mathematical models of process are built with a various degree of detalization [22, 13, 2, 3, 4] . There are more than 30 components participating in secondary hemostasis reactions, with some of the latter forming positive and negative feedback loops. Due to heterophase nature of BCS plasma stage and significant role of heterogeneity in component distribution it is hard to predict not only a behavior of the system in a whole but also the influence of some parameters [22, 13] . [17] . Fibrinogen from healthy donor plasma has been used for this experiment. Purified fibrinogen in concentration of 0,2 mg/ml has been polymerized in reconstructed system after thrombin addition (0,2 NIH U/ml). B -SEM image fibers diameters histogram A.
The main goal of this paper is to propose physically well-founded mathematical model of fibrin polymerization and gelation on the basis of fibrin and fibrin-polymer properties.
As the result of reaction operation the cascades of plasma stage thrombin are generated. The fibrin polymerization is initiated by thrombin via the enzymatic cleavage of the fibrinopeptides, converting fibrinogen to fibrin. In turn, thrombin is generated as the result of BCS reaction cascades action. On scales up from 0.5 µm the fibrin-polymer could be described as a mesh, consisting of branched threads that is fibers (see Fig. 1 ). This mesh is quite sparse. The following example can help to understand it: if in certain plasma volume all fibrinogen are converted into fibrin-polymer, then the total mesh protein mass will not exceed 4 mg/ml [26] . If the structural water in fibrin polymer are accounted for, then total mesh mass and relative volume could be estimated as 14-18 mg/ml and 1.2-1.6, respectively [9] . Fibrin polymer fiber is a spiral paracrystalline structure with axial repeat around 22.5 nm and spiral step 2 µm [25] .
Fiber diameter distribution depends on condition of polymerization and fibrin activation [9, 7] . Under physiological like conditions the fiber diameter is within 60 ÷ 140 nm, and mesh "pores" are within 0.1 ÷ 10 µm [11, 8] . Despite of such "thin build" fibrin polymer mesh is virtually non-permeable for fluid. Darcy permeability of fibrin gel is of the same magnitude order as a clay permeability [11] . Until recently the majority of BCS models have included the fibrin polymerization in a very straightforward simplified way [2, 3, 22] . The fibrin-polymer mesh was considered to instantly appear in volume if concentration of monomers overcame the certain threshold level. The threshold level itself was estimated from experimental data. Naturally, the experiments picked for threshold estimation were spent in conditions as close as possible to the model assumptions [3, 5, 6] .
Current biochemical experimental data allow to more or less clearly distinguish three stages in polymerization of fibrin, although these stages reactions could proceed simultaneously [21, 24] :
1. enzymatic cleavage of fibrinogen to fibrin-monomer (fibrin monomer length is approximately 45 nm); 2. self-assembly of fibrin into organized polymer structure; 3. "cross-linking" -occurrence of stable covalent bonds between neighbour fibrin monomers in polymer structure under FXIIIa action.
Stage 2 could be divided at least into two different elementary processes: an assembly of linear fibrin oligomers of 12 ÷ 20 monomers in size and oligomer-oligomer interaction. Sometimes oligomers may have a three-pointed star shape [20] . Oligomers linear parts have a half-staggered double-stranded structure with a period of 22.5 nm which is a half length of monomer (see Fig. 2 ) [24] . Experiments proved an existence of the lateral aggregation process between oligomer the oligomers and oligomers with larger structures called fibers. Either an existence of non-complete lateral aggregation resulting in formation of Y-like forks or an interaction leading to a fiber crossings formation can also be supposed. Unlike polymerization on "molecular level", or evolution of fibrin(ogen) molecule itself, the polymerization on "aggregate level" and gelation process has been studied much worse. Merely a presence of the polymerization stages makes their analysis and modelling a tricky business., As it has been pointed above, some reactions also run in a concurrent manner and system could have states where fibrinogen and fibrin do coexist on different polymerization stages. From the polymer science point view fibrin gelation is strong, as bounds between monomers, oligomers and aggregates are stable [14] .
Summarizing different sources data, it can be assumed that under physiological conditions the qualitative description of fibrin polymerization with sol-gel transition should look like: 4. polymer scaffold formation and gelation itself. Presumably, on this stage 2/3 of all branching points have already been formed; 5. scaffold thickening, and its enlargement on the gel border by new protofibrils or thin fibers forming from inside or "falling" on the border from outside of the gel due to advection or diffusion; 6. partial rearrangement of polymer, sticking together of some thin fibers forming fibre bundles.
It is worth to note, that processes related to stages 1 and 2 could continue constantly. Stages 3a and 3b are essentially competitive and run concurrently. Conditions and kinetic properties of the stages 1 and 2 could lead to a domination of either 3a or 3b [16] . It is also apparent that after the stage 4 in the gelated volume the process 3 will either significantly slow down or extinct at all. Instead, processes 5 and 6 will start as newly formed oligomers will readily interact with surrounding gel scaffold on its border. The significant detail of this scenario is that the fibrin monomers are expected to attach to free oligomers, not to oligomer scaffold, albeit the latter is not explicitly prohibited. Notably, in the above mentioned scenario the polymerization and gelation processes will significantly depend on shear rates of surrounding and nearby fluid flows.
In conclusion it should be noted, that the fibrin-polymer mesh formation mathematical model has a significant applied value. Such model should consider a possibility of intermediate polymerization products transfer, a forming mesh influence on the flow and a shear flow impact on polymerization and gelation itself.
Mathematical model 2.1. Fibrin polymerization process
There are two especially interesting questions in the description of polymerization process: gel nucleus formation and gel volume growth dynamics. Detailed study of polymerization process chemical reactions makes it possible to associate the above mentioned processes within one closed mathematical model.
Semi dilution of oligomer solution can be chosen as criteria of gel nucleus formation. It is considered that at the point, when oligomer concentration achieves some threshold value, the fast oligomers aggregation takes place with a formation of fibrin-polymer gel threads. As a main characteristic of such a thread its length in the unit of volume can be taken.
Let c i is a concentration of oligomers with i monomer units. Let's assume that production of such oligomer (in particular c 12 ) is a chain polymerization process. Authors offer to use the oligomer c 12 as a basic component for lateral aggregation and gelation process reactions. That is why chain polymerization reactions that lead to formation of oligomers larger than c 12 are dropped. Keeping that in mind let us write: The equations shown above describe the process n-unit oligomer production from (n − 1)th by fibrin monomer attachment. The speed constant for polymerization reaction of n-th oligomer and fibrin monomer is known to be independent of oligomer size [15] . Also model neglects mutual interaction of oligomers with length above 2. Of course, reactions between large oligomers should proceed. But according to such oligomers molecular structure data [19, 24] , these oligomers are long molecules with a large mass starting from size 3. So, such molecules have very low rotational and translational diffusion coefficients. To join the formation of linear oligomer such molecules should not only meet but should also have a proper orientation toward each other. Due to the structural features a fibrin monomer in solution can have different conformations ranging from rod to sphere [24] . Dimer is considerably larger, but also has possibility to "fold" in a conformation which could be described as an elliptical body with eccentricity ratio around 0.5. Trimers and oligomers of a greater size will certainly have one or more completely stretched fibrin monomer. Thus, their shape could be described properly as a rod like. Coefficients of rotational and translational diffusion for such oligomers under rigid rod assumption [12] can be described as:
where η is a dynamical viscosity of solvent, b i is small diameter of fibrin oligomer (
Apparently, the oligomer size increase results in fast decrease of both coefficients, in turn that will decrease probability of mentioned reactions drastically. So, the first assumption of the model: mutual reactions of oligomers with size larger than 1 could be dropped except for the reaction of two dimmers forming a tetramer, and the speed constant for remained polymerization reactions do not depend on oligomer size. Currently there are quite few mathematical models which account for thrombin generation and cleavage as well as fibrinogen concentration decay [3, 4, 22] , but this effect is set aside of this model scope. Now we also neglect the fact that fibrinogen activation is itself a complicated multistage process. Any intermediate states of incompletely activated fibrin are not considered. Notably, any reasonable model of thrombin evolution and fibrinogen activation can be connected with the current polymerization description.
Below we will track concentration (c 12 ) of oligomer with size of 12 monomer units:
Second term in the right part of the equation describes production of oligomer as a result of oligomer 11 and monomeric fibrin reaction. Let's use the definition of the hydrodynamic volume as a volume of sphere with diameter being equal to the largest diameter of a molecule. For example, for a rod like molecule such sphere has a diameter equal to the molecule length. Semi-dilute condition for oligomers c 12 will be fulfilled when relative hydrodynamic volume is equal to unity:
where c 12thr is a threshold concentration for oligomers of size 12, N A is Avogadro number. So it can be estimated c 12 :
Second assumption of the model: the semi-dilute solution of rod-like oligomers c 12 polymerize with a creation of a gel nucleus which later absorbs rest of c 12 oligomers. Fresh gel polymer threads are thin, or to put it in other words, threads do not contain many lateral aggregates. So, to describe behavior as fast, virtually instantaneous, transition from free c 12 to gel after a threshold achievement, an appropriate term should be added: The term in round brackets describes a threshold polymerization function. Fast turning on of this function leads to a gel formation in the space given. Parameter ε describes characteristic times of polymerization. It is supposed that ε is a small value. Parameter γ is responsible for the speed of polymerization reactions switching on. Parameter δ is a small positive value, preventing denominator to become zero. It has a meaning of machine epsilon in programming. Authors presume the first order kinetics of this term based on the following consideration: after gel nucleus has been formed in the current macro point then the gel growth speed will be proportional to the c 12 concentration. The formation of nucleus in semi-dilute solution is determined by another, faster dependency. So, the rate limiting stage will be of first order on c 12 .
Basing on estimation for c 12thr let's assess polymer threads length l 0 in a unit volume of nucleus under condition of v e = 1 (in the moment of gelation):
Below such a mesh will be referred to as a "young".
For the thread length evolution equation so far we can write:
The c 12 oligomers aggregation process has not been thoroughly studied yet. Supposedly, it is driven by Van der Waals forces. Nevertheless, this process plays a key role in the fibrin-polymer gelation. Authors propose to split it in two subprocesses. The first subprocess is a paired association of c 12 oligomers that forms "elongated" aggregate with a size 2αL 12 (1/2 < α < 1). So, the oligomers join with a certain overlapping. Second subprocess is a lateral aggregation of c 12 oligomer on the existing mesh fiber or freely floating aggregate (yet even such an aggregate consists only of two associated c 12 oligomers). We suppose that lateral association do not elongate an aggregate. Let constant k lat characterizes the process of lateral aggregation of c 12 oligomers on polymer with a thread specific length l. And constant k elong characterizes the interaction of two oligomers with a formation of a new fiber (thread) of length 2αL 12 . Then it can be written as:
The equation describing thread length evolution changes as follows:
Summarizing the above said, it should be kept in mind, that the processes of the lateral aggregation and the elongation can take place in the solution lower than the concentration of c 12 oligomers achieve threshold and gel formed. Inside of the gel elongation process results in the polymer threads length increase as model is not accounting for free floating aggregates inside of the gel. All "free floating" polymer aggregates formed are considered to build in into polymer gel during gelation process. As a size of the polymer aggregates is rather large (around 0.5-1 µm), we will neglect their passive diffusion (model assumption 3). Then, after the gel formation all surfaces where polymer thread has length of l 0 per unit volume can be considered as a phase border. At this point it is worth to mention that the polymer aggregates, let alone the gel, are considered as virtually inaccessible for fibrin monomer attachment. Neighboring c 12 threads in aggregate can be regarded as steric obstacles for fibrin monomers to align with open c 12 ends. The exact measure of this hindrance is of course to be verified by experiment, but it should be very significant just only from geometrical considerations.
Mesh
Let's consider the next stage of fibrin-polymer gel formation. Suppose the nucleus of the gel has already been formed.
Here we introduce the 4th assumption of the model: let's assume that a cell diameter d 0 for the young fibrin-polymer mesh is a process intrinsic property. We assume that d 0 is not dependent on concentrations, say c 12 , but depends on the fibrin(ogen) form properties in consideration (normal or mutant) and, may be, on the lateral and elongation constants ratio. In the course of its evolution, the mesh can become denser, new fibers will appear and d decrease. Suppose the size of transitional zone (see Fig. 3 ) is much smaller than entire modelling volume space dimension and it is rich in sites capable to join c 12 oligomers (5th assumption). The basis for such an assumption is the following. When polymer mesh appears from a semi dilute solution of rod-like c 12 oligomers, such young mesh will contain large number of sites yet another c 12 oligomer can join. Due to Brownian motion the young mesh will reorder by aggregation of nearby c 12 "open" ends. This reordering process characteristic time is of the same magnitude as time of c 12 oligomer drift on distance d 0 . In the model we do not consider reordering by itself and the decrease of l in the reordered volume. But disappearance of c 12 "open" ends is accounted for. So, the gel-solution border can be considered as a discontinuity surface.
Outside of discontinuity for c 12 oligomer it can be written:
In the last equation the diffusion driven flow W was introduced. The 6th assumption of the model is that fibrin polymer mesh (even young) doesn't influence passive diffusion of oligomers up to size 12. So, for the oligomer diffusion Fick's law can be used:
For simplicity an elementary volume dΩ = Sδx with a unity surface S can be introduced. Let the border sol-gel transition wave be located inside the mentioned volume. Wave passes V δt for a elementary time δt, where V is a wave's speed. As δt is elementary, it can be counted that V is a constant. Without loss of generality the wave is assumed to be propagating from the left to right. Let consider the evolution of c 12 in the volume in hand. Now we account not only for volume reactions but also for diffusion flows through the primary volume borders. According to the 5th assumption we also account for reactions related to oligomers joining c 12 to newly formed young fibrin gel polymer threads on the phase border. Than the following balance equation can be written as:
where constant k surf describes the surface reaction speed of oligomers c 12 joining in the transition zone on the phase (gel-sol) border. Dividing both sides by δtδx and passing to the limit the equation for c 12 concentration in a gel border vicinity can be derived:
where V is gelation wave front speed (see Fig. 4 ). If according to the 6th assumption Fick's law is applicable for description of passive diffusion inside and outside of gel then for discontinuity of c 12 diffusion flow a condition is obtained:
In a similar way there can be derived for the specific length of fibrin-polymer threads in the unit volume: Based on the conclusion from the 2nd assumption regarding the fixed fibrin-polymer thread length of young gel the latter equation can be rewritten as:
So, the gelation wave speed could be estimated as:
An important measurable value in clotting experiments is a fibrin polymer total mass. In the proposed model a fibrin polymer specific mass can be equated with a mass of c 12 aggregates including mesh itself. So, protein mass density away from the gel border can be described as:
The mass density discontinuity magnitude on the phase border can be derived from balance relations:
where m 12 is the mass of one c 12 oligomer. So, herein the closed system of equations for the phase transition wave propagation description is demonstrated. M or 4 mg/ml. As an indirect supporting evidence for this estimation experimental results from [18] can be cited. It has been proved in [18] that the minimum fibrinogen level which is necessary for appearance of the gel in 100 s is in range from 0.9 · 10 Unfortunately, there is no direct experimental technique available now to prevent fibrin mesh from growing elder, so there is no data regarding young meshes so far. An important and relatively easy measurable value in the clotting experiments is a fibrin polymer mass. Also in the direct experiments it is possible to determine fibrin mesh permeability, which depends on the polymer thread specific length. Proposed model predicts these values directly. In the same time the current model can't predict viscous and elastic properties of the fibrin-polymer mesh as it does not take into account junction points quality and morphology.
Discussion
The model in hand is important for the hydrodynamics as it allows finding the clot border and defines areas of non-restricted flow outside of the mesh and filtration flow inside of the gel well. This, in turn, allows setting correctly the border conditions on sol-gel boundaries.
One of the base assumptions of model infers the existence of additional mechanism of gel growth, that is joining of c 12 oligomers to transitional zone on the gel border. As this mechanism has not been mentioned before its overall contribution is yet to be experimentally verified.
Also it is necessary to work on specification of threshold function which turns on gelation when c 12 concentration achieves c 12thr and solution becomes semi dilute. An important property of the proposed model is a capability to take into account an influence on polymerization of such a mechanical factor as shear rate. The criteria of semi dilute solution will shift considerably in shear flow. This means that flow influence on fibrin polymerization and gelation can be considered without changes in model structure. In case of shear flow presence relative hydrodynamic volume for c 12thr can be written as:
where I 2 (γ) is a quadratic invariant on the strain velocity tensor, ξ characterizes shear influence on the eccentricity of perpendicular to flow axis of elliptical body describing hydrodynamic volume of oligomer c 12thr .
Conclusion
The current paper presents an approach to the sol-gel transition description while fibrin polymerization is similar to the generalized Stefan problem on the phase transition border motion. The specificity of the approach proposed is that flow discontinuity is raised due to the reactions on the border, not due to a difference of diffusion or thermal conductivity coefficients. Unlike, in case of the classic Stefan problem [23] the discontinuity magnitude is not constant but depends on the oligomer concentration. Note, that this feature is a direct consequence of an inference about the existence of transitional zone on the border sol-gel. The proposed model can be modified to account for shear flow influence on fibrin polymerization and gel transition.
